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Evaporation and anti-evaporation instability of a Schwarzschild-de Sitter braneworld:
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We study the problem of a four-dimensional brane lying in the five-dimensional degenerate
Schwarzschild-de Sitter (Nariai) black hole, in five-dimensional F (R)-gravity. We show that there
cannot exist the brane in the Nariai bulk space except the case that the brane tension vanishes.
We demonstrate that the five-dimensional Nariai bulk is unstable in a large region of the parameter
space. In particular, the Nariai bulk can have classical (anti-)evaporation instabilities. The bulk
instability back-reacts on the four-dimensional brane, in case that the brane tension vanishes, and
the unstable modes propagate in their world-volume.
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1. INTRODUCTION
The possibility that our Universe could be a brane lying in a higher dimensional bulk is strongly motivated by
string theory and was largely explored in literature (see Refs. [1, 2] for reviews on these subjects). Some observational
experiments are currently searching for the manifestation of extra dimensions. On the other hand, the study of brane
in a higher dimensional de Sitter bulk is strongly motivated as in context of string theory (see, for instance, Refs. [3–
9]). In particular, the extension of the higher-dimensional theory of gravity from the Einstein-Hilbert formulation to
ghost-free F (R)-gravity is highly motivated by O
(
(α′)
n)
perturbative corrections to string amplitude as well as by
possible non-perturbative effects like (Euclidean) D-brane or worldsheet instantons (see Ref. [10] for a useful review
on these aspects) 1. In this letter, we explore the dynamics of brane lying in the higher dimensional Nariai black hole
bulk, in the context of five-dimensional F (R)-gravity.
We find some surprising results;
1. The Nariai black hole background is unstable in a large space of parameters of the F (R)-gravity. In par-
ticular, (anti-)evaporation instabilities and evaporation/anti-evaporation iterative oscillations studied in four
dimensional are retried in this context [15, 23].
2. The background instabilities change the brane dynamics provoking worldsheet instabilities.
2. FIVE-DIMENSIONAL BULK INSTABILITIES
Let us consider the F (R)-gravity theory in five dimensions;
S =
1
2κ25
∫ √−g [F (5)(R) + Sm] , (1)
where κ5 is the five-dimensional gravitational constant and Sm is the action of the matter. The equations of motion
in the vacuum are given by
F
(5)
R (R)
(
Rµν − 1
2
Rgµν
)
=
1
2
gµν
[
F (5)(R)−RF (5)R (R)
]
+ [∇µ∇ν − gµν]F (5)R (R) , (2)
1 See also Refs. [11–13] for useful reviews in extended theories of gravity.
2where F
(5)
R = dF
(5)/dR. Especially if we assume that the metric is covariantly constant, that is, Rµν ∝ Kgµν with a
constant K, we find
0 = RF
(5)
R (R)−
5
2
F (5)(R) . (3)
We denote the solution of Eq. (3) as R = R0 and define the length parameter l by R0 = 20/l
2. We should note that
the metric of the Schwarzschild-de Sitter solution is covariantly constant and given by,
ds2SdS,(5) =
1
h(a)
da2 − h(a)dt2 + a2dΩ2(3) , h(a) = 1−
a2
l2
− 16piG(5)M
3a2
. (4)
Here M corresponds to the mass of the black hole and G(5) is defined by 8piG(5) = κ
2
5. The space-time expressed by
the metric (4) has two horizons at
a2 = a2± =
l2
2
{
1±
√
1− 64piG(5)M
3l2
}
. (5)
The two horizons degenerate in the limit,
64piG(5)M
3l2
→ 1 , (6)
and we obtain the degenerate Schwarzschild-de Sitter (Nariai) solution. The metric in the Nariai space-time is given
by
ds2 =
1
Λ
(
− sin2 χdψ2 + dχ2 + dΩ2(3)
)
, (7)
where there are the horizons at χ = 0, pi and Λ = 2
l2
. Let us perform the coordinate tranformation χ = arccos ζ,
ds2 = − 1
Λ
(
1− ζ2) dψ2 + dζ2
Λ (1− ζ2) +
1
Λ
dΩ2(3) , (8)
which is singular at ζ = ±1. By changing the coordinate ζ = tanh ξ, the metric can be rewritten as,
ds2 =
1
Λ cosh2 ξ
(−dψ2 + dξ2)+ 1
Λ
dΩ2(3) . (9)
We often analytically continue the coordinates by
ψ = ix , ζ = iτ , (10)
and we obtain the following metric
ds2 = − 1
Λ cos2 τ
(−dτ2 + dx2)+ 1
Λ
dΩ2(3) . (11)
Of course, after the analytic continuation, the obtained space is a solution of the equations although the topology is
changed. This expression of the metric was used in [15].
In order to consider the perturbation, we now consider the general metric in the following form,
ds2 = e2ρ(x,τ)
(−dτ2 + dx2)+ e−2φ(x,τ)dΩ2(3) , (12)
which generalizes the Nariai’s metric in Eq.(11) with generic functions ρ(x, τ), φ(x, τ).
Then the equation of motion can be decomposed in components as
0 =− e
2ρ
2
F (5) −
(
−ρ¨+ 3φ¨+ ρ′′ − 3φ˙2 − 3ρ˙φ˙− 3ρ′φ′
)
F
(5)
R + F¨
(5)
R
− ρ˙F˙ (5)R − ρ′
(
F
(5)
R
)′
+ e2φ
[
− ∂
∂τ
(
e−2φF˙
(5)
R
)
+
(
e−2φ(F
(5)
R )
′
)′]
, (13)
30 =
e2ρ
2
F (5) −
(
−ρ′′ + 3φ′′ + ρ¨− 3φ′2 − 3ρ′φ′ − 3ρ˙φ˙
)
F
(5)
R + F
(5)
R
′′
− ρ˙F˙ (5)R − ρ′
(
F
(5)
R
)′
− e2φ
[
− ∂
∂τ
(
e−2φF˙
(5)
R
)
+
(
e−2φ
(
F
(5)
R
)′)′]
, (14)
0 =−
(
3φ˙′ − 3φ′φ˙− 3ρ′φ˙− 3ρ˙φ′
)
F
(5)
R +
∂2F
(5)
R
∂x∂τ
− ρ˙
(
F
(5)
R
)′
− ρ′F˙ (5)R , (15)
0 =
e−2φ
2
F (5) − e−2(ρ+φ)
(
−φ¨+ φ′′ + 3φ˙2 − 3φ′2
)
F
(5)
R − F (5)R + e−2(ρ+φ)
(
φ˙F˙
(5)
R − φ′F (5)RR
′)
− e−2ρ
[
− ∂
∂τ
(
e−2φF˙
(5)
R
)
+
(
e−2φF
(5)
RR
′)′]
, (16)
where F ′ = ∂F
∂x
and F˙ = ∂F
∂τ
and we have used the expressions of the curvatures (A3) in the Appendix A.
We consider the perturbations at the first order around the Nariai background Eq.(11) with R0 =
20
l2
,
0 =
−F (5)R (R0) + 2ΛF (5)RR(R0)
2Λ cos2 τ
δR− F
(5)(R0)
Λ cos2 τ
δρ− F (5)R (R0)
(
−δρ¨+ 3δφ¨+ δρ′′ − 3 tan τδφ˙
)
− tan τF (5)RR(R0)δR˙+ F (5)RR(R0)δR′′ , (17)
0 =− −F
(5)
R (R0) + 2ΛF
(5)
RR(R0)
2Λ cos2 τ
δR +
F (5)(R0)
Λ cos2 τ
δρ− F (5)R (R0)
(
δρ¨+ 3δφ′′ − δρ′′ − 3 tan τδφ˙
)
− tan τF (5)RR(R0)δR˙+ F (5)RR(R0)δR′′ , (18)
0 =− 3F (5)R (R0)
(
δφ˙′ − tan τδφ′
)
+ F
(5)
RR(R0)
(
δR˙′ − tan τδR′
)
, (19)
0 =− −F
(5)
R (R0) + 2ΛF
(5)
RR(R0)
2Λ cos2 τ
δR − F
(5)(R0)
Λ cos2 τ
δφ− F (5)R (R0)
(
−δφ¨+ δφ′′
)
− F (5)RR(R0)(−δR¨+ δR′′) . (20)
The perturbation of the scalar curvature δR is given in terms of δρ and δφ as follows,
δR = 4Λ(−δρ+ δφ) + Λ cos2 τ(2δρ¨− 2δρ′′ − 6δφ¨+ 6δφ′′) . (21)
Therefore the four equations (17), (18), (19), and (20) include only two δφ and δρ, which tell that only two equations
in the four equations (17), (18), (19), and (20) should be independent ones.
One can find that Eq. (19) can be easily integrated
δR = 3
F
(5)
R (R0)
F
(5)
RR(R0)
δφ+
c1(x)
cos τ
+ c2(τ) . (22)
Here c1(x) and c2(τ) are arbitrary functions but because δR should vanish when both of δρ and δφ vanish as seen
from (21), we can put c1(x) = c2(τ) = 0.
Then, one can directly consider Eq.(21): Substituting in it δR(δφ) obtained in Eq.(22), we find a simple equation(
+
M2
cos2 τ
)
δφ = 0 ,  ≡ − ∂
2
∂τ2
+
∂2
∂x2
. (23)
Here
M2 =
1
2
4α− 1
α
, α =
4ΛF
(5)
RR(R0)
F
(5)
R (R0)
=
F (R0)FRR(R0)
[FR(R0)]2
. (24)
Eq. (23) is nothing but a time-dependent Klein-Gordon equation for the δφ mode, with an effective oscillating mass
term in time. An explicit solution of (23) is given by
δφ = φ0 cos (βx) cos
β τ . (25)
4Here β is given by solving the equation M2 = β (β − 1). The anti-evaporation corresponds to the increasing of the
radius of the apparent horizon, which is defined by the condition,
∇δφ · ∇δφ = 0 . (26)
In other words, it is imposed that the (flat) gradient of the two-sphere size is null. By using the solution in (25), we
find tanβx = tan τ , that is, βx = τ . Therefore on the apparent horizon, we find
δφ = φ0 cos
β+1 τ . (27)
Because the horizon radius rH is given by rH = e
−φ, we find
rH =
e−φ0 cos
β+1 τ
√
Λ
. (28)
Then if β < −1, the horizon grows up, which corresponds to the anti-evaporation depending on the sign of φ0. The
sign could be determined by the initial condition of the perturbation. On the other hand, it is also possible the case
in which β, ω are complex parameters. In this case, solutions of perturbed equations read
δφ = Re
{
(C1e
βt + C2e
−βt)eβx
}
, (29)
where C1,2 are complex numbers. δφ always increase in time for C1 6= 0 because of Reβ > 0. This means that the
Nariai solution is unstable also in this region of parameters. A particular class among possible complex parameter
solutions is
δφ = φ0
{
e
−t+x
2
(
cos
γ(t− x)
2
+
1
γ
sin
γ(t− x)
2
)
+ e
t+x
2
(
cos
γ(t+ x)
2
− 1
γ
sin
γ(t+ x)
2
)}
, (30)
where β ≡ 12 (1 + iγ) and γ ≡ ±
√
2−9α
α
.
On the horizon, the fluctuations must satisfy the condition
φ20
2 γ
2ex sin γ(t−x)2 sin
γ(t+x)
2 = 0, which corresponds to
two classes of solutions with x = ∓t+ 2npi
γ
,
δφ = φ0(−1)n
{
e
npi
γ + e∓t+
npi
γ
(
cos γt∓ 1
γ
sin γt
)}
, (31)
which implies an oscillating horizon radius.
Let us consider a class of F (5)(R) models
F (5)(R) =
R
2κ2
+ f2R
2 + f0M5−2nRn . (32)
Here f2 andM are constants with a mass dimension and f0 is a dimensionless constant. In this case, α is given by
α =
4Λ
(
2f2 + n(n− 1)f0M5−2nRn−20
)
1/2κ2 + 2f2R0 + nf0M5−2nR
n−1
0
. (33)
Then β is given by
β2 − β = 1
2α
(4α− 1) , (34)
that is
β± =
1
2
(
1±
√
9α− 2
α
)
. (35)
Then the condition of the anti-evaporation β < −1 (for φ0 < 0) can be satisfied only by β− and for α < 0. On the
other hand, for β as a complex parameter in Eq.(31), the oscillation instabilities are obtained for 0 < α < 2/9. In
this case, evaporation and antievaporation phases are iterated.
52.1. Brane dynamics in the bulk
We now consider the F (d+1)(R) gravity in the d + 1 dimensional space-time M with d dimensional boundary B,
whose action is given by
S =
1
2κ2
∫
M
dd+1x
√−gF (d+1)(R) , (36)
which can be rewritten in the scalar-tensor form. We begin by rewriting the action (36) by introducing the auxiliary
field A as follows,
S =
1
2κ2
∫
dd+1x
√−g
{
F (d+1)
′
(A) (R −A) + F (d+1)(A)
}
. (37)
By the variation of the action with respect to A, we obtain the equation A = R and by substituting the obtained
expression A = R into the action (37), we find that the action in (36) is reproduced. If we rescale the metric by
conformal transformation,
gµν → eσgµν , σ = − lnF (d+1)′(A) , (38)
we obtain the action in the Einstein frame,
SE =
1
2κ2
∫
M
dd+1x
√−g
(
R− (d− 1)σ − (d− 2)(d− 1)
4
∂µσ∂µσ − V (σ)
)
=
1
2κ2
∫
M
dd+1x
√−g
(
R− (d− 2)(d− 1)
4
∂µσ∂µσ − V (σ)
)
+ (d− 1)
∫
B
ddx
√
−gˆnµ∂µσ ,
V (σ) =eσg
(
e−σ
)− e2σf (g (e−σ)) = A
F (d+1)
′
(A)
− F
(d+1)(A)
F (d+1)
′
(A)2
. (39)
Here g (e−σ) is given by solving the equation σ = − lnF (d+1)′(A) as A = g (e−σ). By the integration of the term
σ, there appears the boundary term, where nµ is the unit vector perpendicular to the boundary and the direction
of the vector is inside. Furthermore gˆµν is the metric induced on the boundary, gˆµν = gµν − nµnν . The existence
of the boundary makes the variational principle with respect to σ ill-defined, we cancel the term by introducing the
boundary action
SB = −(d− 1)
∫
B
ddx
√
−gˆnµ∂µσ . (40)
Then one may forget the boundary term,
SE → SE + SB = 1
2κ2
∫
M
dd+1x
√−g
(
R− (d− 2)(d− 1)
4
∂µσ∂µσ − V (σ)
)
. (41)
As is well-known, because the scalar curvature R includes the second derivative term, the variational principle is still
ill-defined in the space-time with boundary [28] (see also, Refs. [24–27]).
Because the variation of the scalar curvature with respect to the metric is given by
R = −δgµνRµν + gσν
(∇µδΓµσν −∇σδΓµµν) , (42)
the variation of the action with respect to the metric is given by,
δSE =
1
2κ2
∫
dd+1x
√−gQµνδgµν + 1
2κ2
∫
B
ddx
√
−gˆgσν (−nµδΓµσν + nσδΓµµν) . (43)
Here the Einstein equation in the bulk is given by Qµν = 0. Then the variational principle becomes well-defined if we
add the following boundary term,
S˜b = − 1
2κ2
∫
B
ddx
√
−gˆgσν (−nµΓµσν + nσΓµµν) . (44)
6Although the above boundary term (44) is not invariant under the reparametrization, because
∇µnν = ∂µnν − Γλµνnλ , ∇µnν = ∂µnν + Γνµλnλ , (45)
we find
gσν
(−nµΓµσν + nσΓµµν) = −∂µnµ − 2gδρ∂δnρ∇µnµ , (46)
which is just equal to ∇µnµ on the boundary [24–28] . Therefore we can replace the boundary term (44) by the
Gibbons-Hawking boundary term,
SGH =
1
κ2
∫
B
ddx
√
−gˆ∇µnµ . (47)
Let the boundary is defined by a function f(xµ) as f(xµ) = 0. Then by the analogy of the relation between the
electric field and the electric potential in the electromagnetism, we find that the vector (∂µf (x
µ)) is perpendicular to
the boundary because dxµ∂µf (x
µ) = 0 on the boundary, which gives an expression for nµ as
nµ =
∂µf√
gρσ∂ρf∂σf
. (48)
Then with respect to the variation of the metric, the variation of nµ is given by
δnµ =
1
2
∂µf
(gρσ∂ρf∂σf)
3
2
∂τf∂ηfδgτη =
1
2
nµn
ρnσδgρσ . (49)
By using the expression in (49), one finds the variation of ∇µnµ with respect to the metric,
δ (2∇µnµ) = −2δgµνnµnν − nµ∇νδgµν − gµνnρδΓρµν + nνδΓµµν . (50)
The last two terms in (50) are necessary to make the variational principle well-defined but the second term nµ∇νδgµν
also may violate the variational principle. By using the reparametrization invariance, however, we can choose the
gauge condition so that ∇νδgµν = 0.
We may also add the following boundary term,
SBD =
∫
B
ddx
√
−gˆLB , (51)
The variation of the total action
Stotal = SE + SB + SGH + SBD , (52)
is given by
δStotal =
1
2κ2
∫
dd+1x
√−gQµνδgµν +
∫
B
ddx
√
−gˆ
[
1
2κ2
(
1
2
Kgˆµν −Kµν
)
+
1
2
T µνB
]
δgµν . (53)
Here we have defined the extrinsic curvature by Kµν ≡ ∇µnν and K ≡ gµνKµν . We also wrote the variation of SBD
as
δSBD =
1
2
∫
B
ddx
√
−gˆT µνB δgµν . (54)
Then on the boundary, we obtain the following equation,
0 =
1
2
Kgˆµν −Kµν + κ2T µνB , (55)
which may be called the brane equation. Especially if the boundary action SBD consists of only the brane tension κ˜,
SB =
κ˜
κ2
∫
B
ddx
√
−gˆ , (56)
7we find
0 =
1
2
Kgˆµν −Kµν + κ˜gµν , (57)
which can be rewritten as,
0 =
2
d− 2 κ˜gˆ
µν −Kµν . (58)
If we consider the model which is given by gluing two space-time as in the Randall-Sundrum model [29, 30], the
contribution from the bulk doubles and therefore the Gibbons-Hawking term also doubles,
0 =
2
d− 2 κ˜gˆ
µν − 2Kµν . (59)
Let us consider the following five-dimensional geometry,
ds25 = gµνdx
µdxν = −e2ρdt2 + e−2ρda2 + a2dΩ23 . (60)
Here dΩ23 = g˜ijdx
idxj expresses the metric of the unit sphere in two dimensions. We now introduce a new time
variable τ so that the following condition is satisfied,
− e2ρ
(
∂t
∂τ
)2
+ e−2ρ
(
∂a
∂τ
)2
= −1 . (61)
Then we obtain the following FRW metric
ds24 = g˜ijdx
idxj = −dτ2 + a2dΩ23 . (62)
Then
nµ =
(
−e−2ρ ∂a
∂τ
,−e2ρ ∂t
∂τ
, 0, 0, 0
)
. (63)
Because
Kij = κ
2
e4ρag˜ij
dt
dτ
, (64)
from Eq. (57), we obtain,
e2ρ
dt
dτ
= − κ˜
2
a . (65)
Using (61) and defining the Hubble rate by H = 1
a
da
dτ
, one finds the following FRW equation for the brane,
H2 = −e
2ρ(a)
a2
+
κ˜2
4
. (66)
Then in case of the Schwarzschild-de Sitter black hole,
e2ρ =
1
a2
(
−µ+ a2 − a
4
l2dS
)
, (67)
we obtain
H2 =
1
l2dS
− 1
a2
+
µ
a4
+
κ2
4
. (68)
Here ldS is the curvature radius of the de Sitter space-time and µ is the black hole mass. On the other hand, in the
Schwarzschild-AdS black hole,
e2ρ =
1
a2
(
−µ+ a2 + a
4
l2AdS
)
. (69)
8we obtain,
H2 = − 1
l2AdS
− 1
a2
+
µ
a4
+
κ2
4
. (70)
In the Jordan frame, the metiric is given by
ds2J4 = F
(5)′(R)ds24 =
(−dτ2 + a2dΩ23) . (71)
Because the scalar curvature is a constant in the Schwarzschild-(anti-)de Sitter space-time, F (5)
′
(R) can be absorbed
into the redefinition of τ and a,
dτ˜ ≡ dt
√
F (5)
′
(R) , a˜ ≡ a
√
F (5)
′
(R) . (72)
Then the qualitative properties are not changed in the Jordan frame compared with the Einstein frame. We should
also note that the motion of the brane does not depend on the detailed structure of F (5)(R).
In the Nariai space, the radius a is a constant and therefore H = 0. Furthermore in the Nariai space, we find
e2ρ(a) = 0 and therefore Eq. (66) shows that the brane tension κ˜ should vanish. That is, if and only if the tension
vanished, the brane can exist. The non-vanishing tension might be cancelled with the contribution from the trace
anomaly by tuning the brane tension. We should note, however, that there should not be any (FRW) dynamics of
the brane in the Nariai space.
However, the anti-evaporation may induce the dynamics of the brane. For the metric (12), one gets the expressions
of the connection in (A2). We introduce a new time coordinate t˜ in the metric (12) as follows,
dt˜2 ≡ e2ρ (dτ2 − dx2) . (73)
Then the metric(12) reduces to the form of the FRW-like metric,
ds2 = −dτ2 + e−2φ(x,τ)dΩ2(3) , (74)
if we identify e−φ(x,τ) with the scale factor a, a = e−φ(x,τ). Then the unit vector perpendicular to the brane is given
by
nµ =
(
−e−2ρ ∂x
∂t˜
,−e−2ρ ∂τ
∂t˜
, 0, 0, 0
)
, (75)
and the (i, j) (i, j = 1, 2, 3) components Eq. (57) give
− e−2ρ ∂φ
∂τ
∂x
∂t˜
− e−2ρ ∂φ
∂x
∂τ
∂t˜
= κ˜ . (76)
As we discussed, in order that the brane exists in the Nariai space-time, we find κ˜ = 0. By using the solution in (25),
and analytically recontinuing the coordinates x→ −iτ , τ → −ix, if we assume
φ = lnΛ + φ0 coshωτ cosh
β x , (77)
with ω2 = β2, we find
− ω sinhωτ coshβ x∂x
∂t˜
− β coshωτ coshβ−1 x sinhx∂τ
∂t˜
= 0 , (78)
that is,
∂x
∂t˜
= − β tanhx
ω tanhωτ
∂τ
∂t˜
. (79)
Assuming that x and τ only depend on t˜ on the brane,
0 =
1
β tanhx
dx
dt˜
+
1
ω tanhωτ
dτ
dt˜
=
d
dt˜
(
1
β
ln sinhx+ ln tanhωτ
)
, (80)
that is 1
ω
ln sinhx+ ln sinhωτ is a constant, which gives the trajectory of the brane,
sinhx =
C
sinhβ ωτ
. (81)
Here C is a constant. Of course, the expression in (81) is valid as long as the perturbation δφ = φ0 coshωτ cosh
β x
is small enough. We should also note that because F (5)
′
(R) is not a constant due to the perturbation, Eq. (72) also
gives another source of the dynamics of the brane. However, that Eq. (72) gives only small correction to Eq. (81).
93. CONCLUSION
In this paper, we have studied the FRW brane lying in the degenerate Schwarzschild-de Sitter (Nariai) black hole, in
a five dimensional F (R)-gravity. We have found that there cannot exist the brane in the Nariai bulk space except the
case that the brane tension vanishes. We have shown how the Nariai bulk is unstable in a large variety of F (R)-gravity
models. These instabilities are divided in three classes; classical evaporation, classical anti-evaporation and infinite
iterations of evaporations/anti-evaporations. We have studied how these instabilities change the brane world-sheet
dynamics.
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Appendix A: Components of the Ricci tensors and Ricci scalar
For the metric (12), we write ηab = diag(−1, 0), (a, b = τ, x). For the metric dΩ2(3) of three dimensional unit sphere,
we also write as
dΩ2(3) = gˆijdx
idxj , (i, j = 1, 2, 3) . (A1)
Then we obtain Rˆij = 2gˆij. Here Rˆij is the Ricci curvature given by gˆij .
Then we find the following expression of the connections,
Γabc = δ
a
bρ,c + δ
a
cρ,b − ηbcρ,a , Γaij = e−2(ρ+φ)gˆijφ,a , Γiaj = Γija = −δijφ,a , Γijk = Γˆijk . (A2)
Here Γˆijk is the connection given by gˆij . By using the expressions in (A2), the curvatures are given by
Rab =3φ,ab − ηabρ− 3 (φ,aρ,b + φ,bρ,a) + 3ηabφ,cρ,c − 3φ,aφ,b ,
Rij =Rˆij + gˆije
−2(ρ+φ) (φ− 3φ,aφ,a) , Ria = Rai = 0 ,
R =e2φRˆ+ e−2ρ (6φ− 2ρ− 12φ,aφ,a) . (A3)
We should note Rˆ = 6 because Rˆij = 2gˆij.
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